Abstract. We are concerned with the zeros of the Macdonald functions or the modified Bessel functions of the second kind with real index. By using the explicit expressions for the algebraic equations satisfied by the zeros, we describe the behavior of the zeros when the index moves. Results by numerical computations are also presented.
are seen in a similar manner, and so on. See also the table in the last part of this article. It should be mentioned that we find a similar graph for the zeros in [2] .
In order to mention the main results, we recall some formulae obtained in [1] and prepare some further results. For ν = , we denote the zeros of K ν by z is an integer and is the even integer closest to ν − is not an integer,
where the function G ν is given by
These formulae have been obtained in the course of some study on the first hitting times of the Bessel diffusion processes. By considering the asymptotic expansions of the both hand sides of (1) as w → ∞, we obtain the algebraic equations (5) for the zeros z (ν) j , j = 1, 2, ..., N(ν). If we consider the asymptotic behavior as w → 0, we obtain the equations for the reciprocals, which we do not mention in this paper.
We put
Then, the following is easily seen.
Lemma 1. When ν = ν n , G ν has a unique positive zero and it is the unique solution of K νn = πI νn . When ν = ν n for any n, G ν does not vanish.
It should be noted that, denoting by x n the unique solution of K νn = πI νn , −x n is the negative zero of K νn , which is seen by the formula
Since K νn is explicitly given by
where (ν, 0) = 1 and
.
Moreover, by the recurrence relation
we can easily show that K νn (x n+1 )−πI νn (x n+1 ) < 0 and that the sequence {x n } ∞ n=0
is increasing. We set
Note that α n > 0, since K ν is decreasing and I ν is increasing. Then, setting G(x, ν) = G ν (x), we have
Moreover, we can show
Combining the above mentioned formulae, we obtain the following.
The main results are the following.
Theorem 3. As ν ↓ ν n , n = 0, 1, 2, ..., two of the zeros of K ν converge to −x n and the others to the non-real zeros of K νn .
Theorem 4.
As ν ↑ ν n , n = 1, 2, ..., each zero of K ν converges to a non-real zero of K νn .
Proof of Theorem 3
At first we recall the algebraic equation for the zeros of K ν . For this we define a
Moreover we define α 
Then it is shown in [1] that the zeros of K ν are the roots of
by computing the asymptotic behavior of the both hands side of (1) as w → ∞.
For our purpose we show that, for m = 0, 1, ..., 2n + 2, lim ν↓νn α (ν) m exists and that, denoting the limit by c
Then, since the roots of algebraic equations are continuous in the coefficients, we obtain the assertion of the theorem from (3) . −x n is the double root for the polynomial in (6).
≧ 1 and, hence, by (4), we easily see that a (ν) k converges as ν ↓ ν n and that the limit a
Since (ν n , 2n + 2) = (ν n , 2n + 3) = (ν n + 1, 2n + 3) = 0, we see the convergence of a From this recurrence relation we get
We can check this by some lengthy computation and we omit the details. For a proof of the second assertion, we note c (n) 0 = 1 and (ν n , 2n + 2) = 0. Then we get from (7)
which show the second assertion and Theorem 3.
Proof of Theorem 4
We can prove in the same way as in Theorem 3 and we only give a sketch. When ν n−1 < ν < ν n , the zeros of K ν are the roots of
We can show that each α (ν) m , m = 0, 1, ..., 2n converges as ν ↑ ν n and that, denoting the limit by d
From this recurrence relation, we obtain
The zeros of K νn are the roots of the polynomial on the left hand side and the limits of the zeros of K ν as ν ↑ ν n are the zeros of that on the other side. This proves Theorem 4.
Remark 5. It may be worthwhile noting that the algebraic equations for the zeros when ν n−1 < ν < ν n and when ν n < ν < ν n+1 are different. In fact, letting z 0 be one of the zeros of K ν when ν n < ν < ν n+1 , we have Finally we give a table of the approximate values of the zeros of K ν , which are numerically computed by "Mathematica". As is mentioned above, the algebraic equations for the reciprocals of the zeros are also given in [1] . The numerical results for the zeros of the two algebraic equations coincide and it gives a good check for our results. 
